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Abstract
This paper shows that groups of order 64 are uniquely determined
up to isomorphism by their Tables of Marks. This then resolves a pre-
viously posed question about whether all groups of order less than 96
are determined by their Tables of Marks.
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1 Introduction
In his study of finite groups William Burnside introduced a group invariant
called the Table of Marks. [3]
It was then found that non-isomorphic groups can have the same Table of
Marks. [9].
A particularly small example of two groups with isomorphic Tables of Marks
was given by the two groups of order 96 constructed by Raggi-Ca´rdens and
Valero-Elizondo in 2009. [7]
In a subsequent paper they raised the question whether these groups are min-
imal, that is, whether there are any non-isomorphic groups of order strictly
less than 96 with isomorphic Tables of Marks. [6]
Until now it had only been shown, that if two such groups exist, then they
must have 64 elements each.[5].
In this paper we will solve the remaining case, and show that groups of order
64 with isomorphic Tables of Marks are already isomorphic groups.
Combined with the other papers just mentioned, it then follows that all groups
of order less than 96 are determined by their Tables of Marks. The non-
isomorphic groups of order 96 with isomorphic Tables of Marks are minimal.
This answers the question from [6].
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In section 2 the definition of the Table of Marks is given.
In section 3 we use multisets to define certain permutation invariants for ma-
trices. We define the multiset of rows and multiset of columns of a matrix,
and show that isomorphic Tables of Marks have the same multisets of rows
and columns.
In section 4 we distinguish the Tables of Marks of all but 5 pairs of groups of
order 64 simply by counting how often each integer n appears as an entry in
the Tables of Marks.
In section 5 we use the more subtle invariants from section 3 to also tell the
remaining 5 pairs apart.
Throughout this paper we use the computer algebra system GAP [4]. All
the GAP programs we wrote for this paper can be found online at [2].
Acknowledgements. The results of this paper were discovered as part
of my Bachelorthesis at the university of Regensburg under the supervision of
Niko Naumann.
2 The Table of Marks
Definition 2.1. Let G be a finite group.
Let U1, ..., Un be representatives of the conjugacy classes of subgroups of G,
with |U1| ≤ |U2| ≤ ... ≤ |Un|
Write FixUi(G/Uj) := {x ∈ G/Uj |∀h ∈ Ui : h ·x = x} for the fixpoint set of Ui
on G/Uj.
Then the matrix ToM(G) := (|FixUi(G/Uj)|)i,j=1,...,n is called the Table of Marks
of G.
Let C (G) denote the set of conjugacy classes of subgroups of G and let Q be
another finite group. A function φ : C (G) → C (Q) is called an
isomorphism of Tables of Marks from ToM(G) to ToM(Q) if φ is bijective and
for all i, j and for all Vi ∈ φ([Ui]), Vj ∈ φ([Uj]) the equality |FixUi(G/Uj)| =
|FixVi(Q/Vj)| holds.
The Table of Marks was first introduced in [8] based on ideas from [3].
Note that the matrix ToM(G) depends not only on G but also on the ordering
of the Ui. But for any given group G and any two orderings of the conjugacy
classes of subgroups of G the resulting two Tables of Marks of G will be iso-
morphic Tables of Marks.
We will make use of the following obvious fact:
If A = (ai,j)
n
i,j=1 and B = (bi,j)
n
i,j=1 are two matrices which are the Tables
of Marks of two groups A = ToM(G), B = ToM(H), then A,B are isomor-
Groups of order 64 are determined by their Tables of Marks 3
phic Tables of Marks if and only if there is a permutation pi ∈ Sn such that
ai,j = bpi(i),pi(j) for all i, j.
3 Multiset of Rows and Columns
A convenient language to define objects invariant under permutations is the
language of multisets.
An overview of the theory of multisets can be found at [1].
In this section we use multisets to define two invariants of matrices under
permutations of rows and columns.
Definition 3.1. A multiset is a pair (S,m) consisting of a set S called the
underlying set and a function m : S → N≥1 called the multiplicity function.
We say that a multiset (S,m) has entries in a set X if S ⊆ X.
PM(X) will denote the set of all multisets with entries in X.
PM(X) = {(S,m)|S ⊆ X is a subset , m : S → N≥1 is a function}
If a1, ..., an are elements of a set X then [a1, ..., an] ∈ PM(X) will denote the
multiset, whose underlying set is {a1, ..., an} and where the multiplicity is de-
fined by m(ai) = |{j ∈ {1, ..., n}|ai = aj}|.
If T = (a1, ..., an) is an n-tuple of elements from a set X, then we also write
MS(T ) for [a1, ..., an].
If A = (ai,j)
n
i,j=1 is a matrix with entries in a field k, and R
i := (ai,1, ..., ai,n)
is the i-th row of A, then we define the multiset of rows of A to be Rows(A) :=
[MS(R1), ...,MS(Rn)] ∈ PM(PM(k)), i.e. it is the multiset of all rows of
A where the rows are themselves regarded as multisets. Similarly if C i :=
(a1,i, ..., an,i) denotes the i-th column, we define the multiset of columns
Columns(A) := [MS(C1), ...,MS(Cn)].
For the matrix A we also define the multiset of entries Entries(A) to be the
multiset whose underlying set is {ai,j|i, j ∈ {1, ..., n}}, where the multiplicity
is defined by m(ai,j) = |{k, l ∈ {1, .., n}|ai,j = ak,l}|
Note that applying a permutation pi ∈ Sn to a multiset [a1, ..., an] does not
change it. [a1, ..., an] = [api(1), ..., api(n)].
In our GAP code we implemented multisets in the following way:
A multiset is a pair ”[elements, multiplicities]” consisting of two lists ”ele-
ments” and ”multiplicities”. The first list ”elements” can contain any kind of
object of GAP, and is supposed to represent the underlying set. The second
list ”multiplicities” only contains integers. Both lists have the same length.
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The i-th entry of the second list is supposed to represent the multiplicity of
the i-th entry of the first list.
To compare the equality of two multisets [elements1, multiplicites1] and [el-
ements2, multiplicities2] we check whether the lists ”elements1” and ”ele-
ments2” have the same length, and whether for each object x in ”elements1”
x is also contained in ”elements2” and the corresponding multiplicities match.
Example 3.2. The matrix A =
(
1 2
1 2
)
has the same multiset of rows as
B =
(
2 1
1 2
)
because both matrices have 2 rows containing exactly one 1 and
one 2 and both have no other rows.
Rows(A) = [[1, 2][1, 2]] = [[2, 1][1, 2]] = Rows(B)
However the matrices have different multisets of columns, because the first
matrix has a column containing two 1s, while the second matrix has no such
column.
Columns(A) = [[1, 1][2, 2]] 6= [[2, 1][1, 2]] = Columns(B)
The two matrices also have the same multisets of entries, because they both
contain two 1s and two 2s.
Entries(A) = [1, 2, 1, 2] = [2, 1, 1, 2] = Entries(B)
We now show that permutations of rows and columns leaves the multiset
of rows and columns invariant.
Lemma 3.3. Let A = (ai,j)
n
i,j=1 be a matrix and pi, σ ∈ Sn two permutations.
Let B = (api(i),σ(j))
n
i,j=1 be the matrix obtained by applying pi to the rows and σ
to the columns of A.
Then Rows(A) = Rows(B) and Columns(A) = Columns(B).
Proof. Let C = (ai,σ(j))
n
i,j=1 be the matrix obtained by only applying σ to the
columns of A.
Show that Rows(A) = Rows(C) = Rows(B).
Take i ∈ {1, ..., n}. Let RiA be the i-th row of A and R
i
C be the i-th row of C.
Then MS(RiA) = [ai,1, ..., ai,n]
apply σ
= [ai,σ(1), ..., ai,σ(n)] = MS(R
i
C) so
Rows(A) = [MS(R1A), ...,MS(R
n
A)] = [MS(R
1
C), ...,MS(R
n
C)] = Rows(C).
If furthermore RiB denotes the i-th row of B, then we have an equality of
ordered tuples RiB = R
pi(i)
C . In particular MS(R
i
B) = MS(R
pi(i)
C ).
Then Rows(C) = [MS(R1C), ...,MS(R
n
C)]
apply pi
= [MS(R
pi(1)
C ), ...,MS(R
pi(n)
C )] =
[MS(R1B), ...,MS(R
n
B)] = Rows(B).
So Rows(A) = Rows(C) = Rows(B).
Columns(A) = Columns(B) follows similarly.
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So if G,H are groups, and ToM(G) and ToM(H) are isomorphic Tables
of Marks, then Rows(ToM(G)) = Rows(ToM(H)) and Columns(ToM(G)) =
Columns(ToM(H)).
We will use these invariants in section 5.
Also it is clear that isomorphic Tables of Marks have the same multiset of
entries. We will use that fact in the next section.
4 Reducing to 5 pairs
In this section we will calculate for each group of order 64 the multiset of en-
tries of its Table of Marks.
We will find that there are only 5 pairs of distinct groups of order 64 whose
Tables of Marks have the same multiset of entries.
In particular all other pairs of groups of order 64 have non-isomorphic Tables
of Marks.
Most of the work in this section will be done by GAP programs.
GAP provides a list of all groups of order 64 called ”AllSmallGroups(64)”.
We will from now on refer to groups of order 64 by their position in that list.
So when we for example talk about ”group 15” then that refers to the group
that GAP returns when you type in ”AllSmallGroups(64)[15]”.
If G is a group of order 64 in GAP, then you can find out which number is
associated to it by typing into GAP ”Position(AllSmallGroups(64),G);”
In reference [2] you can find a program called ”PrintEntryTable.g”.
After loading that program into GAP you can call the function ”printEntries-
Latex(64)”. It then will calculate for each group of order 64 the multiset of
entries of its Table of Marks and then output the latex code of a table showing
that data.
The table it outputs was not included in this paper because it was too long,
but you can find it in ”entryTable.pdf” at [2], or contact the author.
You can then look which pairs of groups have the exact same entries in the
table.
Since manually comparing all pairs of the 267 groups of order 64 is too tedious,
we additionally wrote a program called ”find5Pairs.g” at [2] that does that for
us.
If you load that program into GAP and call the function ”findEqual-
Toms(64)” then the program will search for all pairs of distinct groups of
order 64 which have the same multiset of entries. It will then return a list of
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all such pairs of groups.
The only pairs of groups whose Tables of Marks have the same multisets
of entries are the groups with the numbers
15 and 16
47 and 48
106 and 107
179 and 181
236 and 240
All other pairs of groups have Tables of Marks with different multisets of
entries, which means that the Tables of Marks are not isomorphic.
So to show that groups of order 64 are determined by their Tables of Marks
we now just need to show, that these 5 pairs of groups have non-isomorphic
Tables of Marks.
5 The remaining 5 pairs
Section 4 proves that all groups of order 64, except possibly those with group
numbers 15, 16, 47, 48, 106, 107, 179, 181, 236 and 240, are uniquely determined
by their Tables of Marks.
We now just need to show that these five pairs of groups have non-isomorphic
Tables of Marks. To do this we will calculate the multisets of rows and columns
of their Tables of Marks. By the results of Section 3, if the multiset of rows
or the multiset of columns of two Tables of Marks differ, then these Tables of
Marks are not isomorphic.
The tables below show the multiset of columns of the remaining groups.
Each table shows the multiset of columns of two groups, and allows to compare
them easily.
In each table, in each line, the left side of the doubleline ‖ specifies a column-
multiset, and the right side tells you how many times that type of column
occurs in the Tables of Marks of the two groups. A column-multiset is spec-
ified by the amount of 1s, 2s, 4s, 8s, 16s, 32s and 64s that appear in it. The
Table of Marks of the groups in question contain no other non-zero entries.
If two numbers right to the doubleline differ, then we underline them.
If there is one line in which the two numbers to the right of the doubleline
differ, then the two groups have Tables of Marks with different multisets of
columns.
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For example you can read from the first Table below, that there are 3
columns of the Table of Marks of group 15 that contain exactly one 16, two
8s, three 4s, three 2s and one 1, but that there is only one such column in the
Table of Marks of group 16. This demonstrates that the Tables of Marks of
group 15 and 16 are not isomorphic.
These tables were printed out by the GAP program called ”PrintMul-
tisetOfColumnsTable.g” using a method called ”PrintMultisetOfColumnsTa-
ble()”. ([2])
The method takes in a pair of two groups, and a boolean value called ”print-
ColumnsNotRows” telling it whether to calculate row or column multisets.
For example the first table below was printed by passing the method a pair
consisting of group 15 and group 16, and by setting the boolean value to true.
#1 #2 #4 #8 #16 #32 #64 Columns in G15 Columns in G16
1 3 5 8 6 3 1 1 1
1 3 5 5 3 1 0 1 1
1 3 5 6 3 1 0 1 1
1 3 5 3 2 1 0 1 1
1 3 5 3 1 0 0 1 1
1 3 3 3 1 0 0 1 2
1 3 3 2 1 0 0 3 1
1 3 1 2 0 0 0 1 1
1 3 3 1 0 0 0 2 2
1 3 1 1 0 0 0 1 1
1 3 0 0 0 0 0 2 2
1 1 2 0 0 0 0 1 1
1 1 1 1 0 0 0 2 2
1 3 1 0 0 0 0 1 1
1 1 1 0 0 0 0 2 2
1 2 0 0 0 0 0 2 2
1 1 0 0 0 0 0 3 3
1 0 0 0 0 0 0 1 1
1 3 3 1 1 0 0 0 1
#1 #2 #4 #8 #16 #32 #64 Columns in G47 Columns in G48
1 3 5 5 5 3 1 1 1
1 3 5 5 3 1 0 1 1
1 3 3 3 1 1 0 1 0
1 3 3 3 3 1 0 1 0
1 3 3 1 1 0 0 1 1
1 3 3 3 1 0 0 1 1
1 3 5 3 1 0 0 1 1
1 4 0 0 0 0 0 2 2
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1 3 3 1 0 0 0 2 2
1 3 0 0 0 0 0 2 2
1 3 1 1 0 0 0 1 1
1 2 0 0 0 0 0 2 2
1 3 1 0 0 0 0 1 1
1 1 1 0 0 0 0 2 2
1 1 0 0 0 0 0 3 3
1 0 0 0 0 0 0 1 1
1 3 3 3 2 1 0 0 2
#1 #2 #4 #8 #16 #32 #64 Columns in G106 Columns in G107
1 7 15 19 15 7 1 1 1
1 7 15 15 7 1 0 1 1
1 3 5 5 3 1 0 4 4
1 7 11 9 5 1 0 2 0
1 3 5 3 1 0 0 4 4
1 7 11 7 1 0 0 2 2
1 3 3 2 1 0 0 4 0
1 7 3 0 0 0 0 4 4
1 7 7 3 1 0 0 1 1
1 7 7 1 0 0 0 1 1
1 5 2 0 0 0 0 4 4
1 3 3 1 0 0 0 8 8
1 3 1 1 0 0 0 2 2
1 3 0 0 0 0 0 4 4
1 3 1 0 0 0 0 7 7
1 1 1 0 0 0 0 4 4
1 2 0 0 0 0 0 4 4
1 1 0 0 0 0 0 7 7
1 0 0 0 0 0 0 1 1
1 7 11 11 7 1 0 0 1
1 7 11 7 3 1 0 0 1
1 3 3 1 1 0 0 0 2
1 3 3 3 1 0 0 0 2
#1 #2 #4 #8 #16 #32 #64 Columns in G179 Columns in G181
1 7 11 15 11 3 1 1 1
1 7 11 11 3 1 0 1 1
1 7 11 9 5 1 0 2 0
1 7 7 3 1 0 0 2 2
1 7 11 7 1 0 0 1 1
1 7 3 0 0 0 0 4 4
1 3 3 2 1 0 0 4 0
1 3 3 1 0 0 0 2 2
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1 7 7 1 0 0 0 1 1
1 5 2 0 0 0 0 4 4
1 3 1 1 0 0 0 4 4
1 3 0 0 0 0 0 4 4
1 3 1 0 0 0 0 7 7
1 2 0 0 0 0 0 4 4
1 1 0 0 0 0 0 7 7
1 0 0 0 0 0 0 1 1
1 7 11 11 7 1 0 0 1
1 7 11 7 3 1 0 0 1
1 3 3 1 1 0 0 0 2
1 3 3 3 1 0 0 0 2
For the last pair the multisets of columns happen to agree:
#1 #2 #4 #8 #16 #32 #64 Columns in G236 Columns in G240
1 15 35 33 26 7 1 1 1
1 15 35 21 9 1 0 2 2
1 15 35 21 10 1 0 1 1
1 7 13 5 0 0 0 4 4
1 7 9 2 0 0 0 21 21
1 7 7 4 1 0 0 4 4
1 15 35 15 1 0 0 1 1
1 7 7 1 0 0 0 15 15
1 3 2 0 0 0 0 12 12
1 4 1 0 0 0 0 6 6
1 3 1 0 0 0 0 35 35
1 1 0 0 0 0 0 15 15
1 0 0 0 0 0 0 1 1
The only pair of groups whose multisets of columns are equal are the groups
236 and 240. So to prove that groups of order 64 are determined by their Ta-
bles of Marks, the only thing left to do, is to show that group 236 and group
240 have non-isomorphic Tables of Marks.
We now calculate the multiset of rows of these two groups and will see that
they are different multisets.
#1 #2 #4 #8 #16 #32 #64 Rows in G236 Rows in G240
0 0 0 0 0 0 1 1 1
0 0 0 0 0 2 0 3 3
0 0 0 1 0 1 0 4 4
0 0 0 2 2 0 0 12 12
0 0 0 0 3 0 0 4 4
0 0 0 1 2 0 0 9 9
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0 0 0 0 5 0 0 1 1
0 0 0 7 0 0 0 9 9
0 0 4 3 0 0 0 8 0
0 1 5 2 0 0 0 4 2
0 0 0 10 0 0 0 4 4
0 1 3 2 0 0 0 2 0
0 0 0 8 0 0 0 2 2
0 0 5 3 0 0 0 4 8
0 0 18 0 0 0 0 4 0
0 0 14 0 0 0 0 1 1
0 0 15 0 0 0 0 12 14
0 0 13 0 0 0 0 8 6
0 0 12 0 0 0 0 4 4
0 0 19 0 0 0 0 4 2
0 0 21 0 0 0 0 2 4
0 35 0 0 0 0 0 4 4
0 33 0 0 0 0 0 4 0
0 41 0 0 0 0 0 2 0
0 43 0 0 0 0 0 4 0
0 31 0 0 0 0 0 1 2
118 0 0 0 0 0 0 1 1
0 0 3 3 0 0 0 0 4
0 1 4 2 0 0 0 0 4
0 0 16 0 0 0 0 0 4
0 51 0 0 0 0 0 0 1
0 38 0 0 0 0 0 0 8
As we can see the multiset of rows of the Tables of Marks of the groups
236 and 240 are non-isomorphic.
And this concludes the proof, that groups of order 64 are determined by their
Table of Marks.
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